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Certain phase space path integrals can be evaluated exactly using equivariant coho-
mology and localization in the canonical loop space. Here we extend this to a general
class of models. We consider hamiltonians which are a priori arbitrary functions of
the Cartan subalgebra generators of a Lie group which is defined on the phase space.
We evaluate the corresponding path integral and find that it is closely related to the
infinitesimal Lefschetz number of a Dirac operator on the phase space. Our results indi-
cate that equivariant characteristic classes could provide a natural geometric framework
for understanding quantum integrability.
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There are several different approaches to quantum integrability [1,2]. Here we shall
investigate a geometric approach which is based on phase space path integrals and loop
space equivariant cohomology [3-13]. We show that the formalism is applicable to a
general class of integrable models with hamiltonians that are functionals of canonical
Lie algebra generators. Our result extends those derived previously in [12,13]. In
particular, we find that for the class of models we consider the path integral can be
evaluated exactly using localization techniques [3-13]. The final result is an ordinary
integral over the phase space, and can be represented as a functional of an equivariant
characteristic class [7]. We also find that the path integral can be related to the path
integral representation of a Dirac operator which is defined on the phase space of the
theory. In particular, the path integral of our integrable models is closely related
to the infinitesimal Lefschetz number which is associated to this Dirac operator. Our
results suggest that equivariant cohomology and equivariant characteristic classes seem
to provide a natural framework for a geometric formulation of quantum integrability.
We consider a hamiltonianH on a phase space Γ with 2n coordinates za and Poisson
bracket
{za, zb}ω = ω
ab(z) (1)
Here the inverse matrix ωab determines the symplectic two-form on the phase space.
We shall assume that on Γ there is a canonical realization of a Lie algebra by functions
Gu(z),
{Gu, Gv}ω = ω
ab∂aGu∂bGv = fuv
wGw (2)
and we shall assume that the hamiltonian H is a functional of these generators,
H(z) = H [Gu(z)] (3)
An integrable hamiltonian H can be naturally viewed as a functional of the Cartan
subalgebra of some Lie algebra (2). Indeed, for an integrable hamiltonian H we can
find canonically conjugated action (Ia) and angle (θ
a) variables
{Ia, θ
b}ω = δ
b
a (4)
such that the hamiltonian H is a functional of the action variables Ia only. These
action variables label invariant torii on the phase space and the motion of H(I) is
constrained on these torii. Since the action variables are in involution,
{Ia, Ib}ω = 0 (5)
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we can interpret them as generators in the Cartan subalgebra of some Lie algebra (2).
As an example consider S2, which is the co-adjoint orbit of SU(2). With z and z¯
the coordinates on the Riemann sphere S2 the Poisson bracket is
{z, z¯} =
1
2iJ
(1 + |z|2)2 (6)
This corresponds to the canonical spin-J representation of SU(2) with generators
S0 = − J
1− |z|2
1 + |z|2
S+ = 2J
z¯
1 + |z|2
S− = 2J
z
1 + |z|2
(7)
Our hamiltonian H(Gu) is then a generic functional of all generators (7), while an
integrable hamiltonian is obtained e.g. by considering functions of S0 only.
We are interested in the evaluation of the canonical phase space path integral
Z =
∫
[dza]
√
||ωab||exp{i
β∫
0
ϑaz˙
a −H(Gu)} (8)
for a generic classically integrable hamiltonian H(Gu). Here ϑa are components of the
symplectic one-form,
ωab = ∂aϑb − ∂bϑa (9)
In order to evaluate (8) we introduce arbitrary functions ju(t) that are independent
of the phase space coordinates, and use familiar identities to write (8) as
Z = exp{−i
β∫
0
H
[
1
i
δ
δju(t)
]
}
∫
[dza]
√
||ωab||exp{i
β∫
0
ϑaz˙
a − juGu}|j=0 (10)
Consequently it is sufficient to evaluate the following path integral
Zo(j) =
∫
[dza]
√
||ωab||exp{i
β∫
0
ϑaz˙
a − juGu} (11)
with arbitrary functions ju(t).
For ju that are t-independent, (11) yields the Weyl character of the Lie group in
the given representation. For arbitrary t-dependent functions ju(t) we consider an
infinitesimal variation of the action in (11),
δ(ϑaz˙
a − juGu) = δz
a(ωabz˙
b − ju∂aGu) (12)
We select
δza = ǫu{Gu, z
a}ω (13)
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where the ǫu are some infinitesimal za-independent parameters. This corresponds to
the infinitesimal limit of the canonical transformation
za → e−ǫ
uGuzaeǫ
uGu = za + ǫu{za, Gu}+
1
2
ǫuǫv{{za, Gu}, Gv}+ ... (14)
and yields
δ(ϑaz˙
a − juGu) = − ǫ˙
uGu − fuv
wǫujvGw (15)
Since the Liouville measure in (11) is invariant under canonical transformations we
then conclude that the only effect of (13) and (15) in (11) is that the external sources
ju(t) are shifted according to
ju → ju + ǫ˙u + fvw
uǫvjw (16)
Notice that (16) is analogous to the nonabelian gauge transformation in a Yang-Mills
theory. Indeed, if we relate the generators Gu to the Gauss law generators Gu ∼ D
ab
i E
b
i
in a nonabelian gauge theory and identify ju(t) with the time component of the gauge
field ju ∼ Aao, we observe that (16) has the functional form of a time dependent
gauge transformation. On the basis of this analogy we then conclude that we can
indeed expect the measure in (11) to be invariant under (13), and if it for some reason
fails to be invariant we expect that the ensuing nontrivial Jacobian can be related to
conventional nonabelian gauge anomalies.
As a consequence the path integral can only depend on gauge invariant functionals
of jµ i.e. the temporal Wilson loop. For the Cartan subalgebra Tu of Gu
{Tu, Tv} = 0 (17)
corresponding to integrable models, we can then further simplify (16) to
ju → ju + ǫ˙u (18)
and if we divide ju(t) into its constant part and its t-dependent part
ju(t) = juo + j
u
t (19)
where juo denotes the constant part and j
u
t the t-dependent part e.g. in a Fourier
decomposition, we can gauge transform the path integral (11) to
Zo(j) =
∫
[dza]
√
det||ωab|| exp{i
∫
ϑaz˙
a − juoTu} (20)
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i.e. it depends only on the constant modes juo . Since (10) is evaluated at j
u(t) = 0, we
conclude that in the abelian case the original path integral (8) simplifies to
Z = exp{−iβH
[
1
i
∂
∂juo
]
}
∫
[dza]
√
det||ωab|| exp{i
∫
ϑaz˙
a − juoTu}|jo=0 (21)
Consequently it is sufficient to evaluate the path integral
Z(jo) =
∫
[dza][dca] exp{i
∫
ϑaz˙
a − T +
1
2
caωabc
b} (22)
where we have introduced anticommuting variables ca to exponentiate the determinant
of the symplectic two-form and
T = juoTu (23)
is an element of the Cartan subalgebra i.e. a U(1) generator of the Lie algebra,
The path integral in (22) yields the Weyl character of T and has been evaluated
e.g. in [12,13] using localization methods. Here we need a few relevant steps: We
interpret (22) as an integral in the loop space of the phase space, parametrized by the
time evolution za → za(t). We identify ca(t) as a basis of loop space one-forms and
interpret the bosonic part of the action in (22) as a loop space hamiltonian functional.
The corresponding loop space hamiltonian vector field then has components
X aS = z˙
a − ωab∂bT (24)
We introduce the loop space exterior derivative (in the following time integrals are
implicit)
d = ca∂a (25)
and a basis ia of loop space contractions dual to the basis of one-forms c
a(t),
ia(t)c
b(t′) = δba(t− t
′) (26)
We then define the following equivariant exterior derivative on the loop space,
dS = d+ iS = c
a∂a + X
a
S ia (27)
The corresponding Lie-derivative along the hamiltonian vector field (24) is
LS = diS + iSd (28)
On the subspace of the exterior algebra where (28) vanishes, (27) is then nilpotent.
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The action in (22) is closed with respect to (27),
dS(ϑaz˙
a − T +
1
2
caωabc
b) (29)
In [10] it has been shown, that if we add to the action a dS exact term,
S →
∫
ϑaz˙
a − T +
1
2
caωabc
b + dSΨ (30)
where Ψ is in the nilpotent subspace of (27),
LSΨ = 0 (31)
the corresponding path integral
ZΨ =
∫
[dza][dca]exp{i
∫
ϑaz˙
a − T +
1
2
caωabc
b + dSΨ} (32)
is independent of Ψ and coincides with (22). By selecting a suitable Ψ the path integral
can then be evaluated by the localization method.
In order to construct the appropriate Ψ we observe that the phase space Γ admits
a metric tensor gab which is Lie-derived by the U(1) generator T ,
LTg = 0 (33)
For this, it is sufficient to take any metric tensor on Γ and average it over the group.
This yields a metric tensor that satisfies (33). If we then select
Ψ =
1
2
gabz˙
acb (34)
the condition (31) is satisfied and the corresponding action (32) is
S =
∫ 1
2
gabz˙
az˙b + (ϑa −
1
2
gabX
b
T )z˙
a − T −
1
2
ca(gab∂t + z˙
cgbdΓ
d
ac)c
b +
1
2
caωabc
b (35)
Here Γdac is the Christoffel symbol for the metric tensor gab. We scale gab → λgab.
According to the general argument [10] the path integral is independent of λ. Hence
we can evaluate (32) in the λ→∞ and the result is [12,13]
Zo =
∫
dzodco exp{−iβT + i
β
2
caoωabc
b
o}
1√
det[δab∂t −
1
2
(Ωab +Rab)]
(36)
where
Ωab =
1
2
gac[∂b(gcdX
d
T )− ∂c(gbdX
d
T )] (37)
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is the Riemannian momentum map of T [7] and Rab = R
a
bcdc
c
oc
d
o is the Riemannian cur-
vature two-form. If we evaluate the determinant using1 e.g. ζ-function regularization
we get
Zo =
∫
dzodcoexp{−iβT + i
β
2
caoωabc
b
o}
√√√√det
[
β
2
(Ωab +Rab)
sinh[β
2
(Ωab +Rab)]
]
(38)
Here
Ch
[
β
2
(T − ω)
]
= exp{−iβT + i
β
2
caoωabc
b
o} (39)
is the equivariant Chern character and
Aˆ
[
β
2
(Ωab +R
a
b)
]
=
√√√√det
[
β
2
(Ωab +Rab)
sinh[β
2
(Ωab +Rab)]
]
(40)
is the equivariant Aˆ-genus. Both (39) and (40) are equivariantly closed,
(d+ iT )Ch
[
β
2
(T − ω)
]
= (d+ iT )Aˆ
[
β
2
(Ωab +R
a
b)
]
= 0 (41)
If we substitute these into (21) we then obtain our integration formula for the path
integral (8), (21)
Z = exp{−iβ ·H
[
1
i
∂
∂juo
]
} · Ch
[
β
2
(juoTu − ω)
]
Aˆ
[
β
2
(juo [ΩTu ]
a
b +R
a
b)
]
|j=0
(42)
i.e. the path integral reduces to a derivative expansion of equivariant characteristic
classes.
We shall now argue, that (42) is closely related to the (infinitesimal) Lefschetz
number of a Dirac operator which is defined on the phase space Γ. For this we first
consider the following Dirac operator on an even dimensional Riemannian manifoldM
γµDµ =
(
0 D+
D− 0
)
= γµ(∂µ + Aµ +
1
8
ωµij [γ
i, γj]) (43)
Here γi = eiµγ
µ are local Dirac matrices, eiµ are components of the vielbein and ωµij
are components of the spin connection. We shall assume that the manifod M admits
an operator realization of the Lie algebra (2),
[Gu,Gv] = fuv
wGw (44)
1 Here we use a regularization which is symmetric in the negative and positive eigenvalues of the
differential operator in (36)
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such that the operators Gu commute with the Dirac operator (43)
[Gu, γ
µDµ] = 0 (45)
The eigenstates of γµDµ that correspond to a fixed eigenvalue λ then define a represen-
tation of the Lie algebra Gu. We shall be particularly interested in the representation
which is defined by the zeromodes λ = 0 of γµDµ. For this we introduce some arbi-
trary parameters αu and construct the linear combination α · G which is an element
of the Cartan subalgebra of (44) in a suitable basis. We then introduce the following
Lefschetz number,
L(α · G) = lim
β→∞
Tr{eiα·G(e−βD+D− − e−βD−D+)} (46)
One can show that the trace on the r.h.s. of (46) is independent of β and provided either
D+D− or D−D+ has no zero modes it coincides with the character of the (reducible or
irreducible) representation of Gu determined by the zeromodes of (43).
We wish to relate the evaluation of the Lefschetz number (46) to the evaluation
of the path integral (8). For this we need the appropriate canonical realization of the
Dirac operator γµDµ and the Lie algebra generators Gu: We interpret the coordinates
zµ on M as canonical coordinates on a phase space with conjugate momenta pµ and
Poisson brackets
{pµ, z
ν} = δνµ (47)
We also realize the local γ-matrix algebra canonically using anticommuting variables
ψi with graded Poisson brackets
{ψi, ψj} = ηij (48)
where ηij is the local flat metric. The correspondingM-dependent variables ψµ = Eµi ψ
i
have the brackets
{ψµ, ψν} = gµν (49)
where gµν is the metric tensor on M. The appropriate canonical realization of the
Dirac operator (43) is then
Q = ψµPµ = ψ
µ(pµ +
1
4
ωµijψ
iψj + Aµ) (50)
and
{Q,Q} = H = gµνP
µPν +
1
2
ψµψνFµν =
7
= gµν(pµ +
1
4
ωµijψ
iψj + Aµ)(pν +
1
4
ωµklψ
kψl + Aν) +
1
2
ψµψνFµν (51)
where we have used identities of the Riemann tensor.
We first consider the path integral for the Atiyah-Singer index of (43), i.e. we set
α = 0 in (46). This path integral is (see e.g. [11])
∫
[dzµ][dpµ][dψ
µ]exp{i
∫
pµz˙
µ −
1
2
ψµψ˙
µ − gµνP
µPν −
1
2
ψµψνFµν} (52)
We change variables
pµ → pµ − Aµ − ωµijψ
iψj (53)
This gives
S =
∫
pµz˙
µ − Aµz˙
µ −
1
2
gµνp
µpν −
1
2
ψµ(gµν∂t + z˙
ρgµσΓ
σ
ρν)ψ
ν −
1
2
ψµωµνψ
ν (54)
and eliminating pµ we get
S =
∫
1
2
gµν z˙
µz˙ν − Aµz˙
µ −
1
2
ψµ(gµν∂t + z˙
ρgµσΓ
σ
ρν)ψ
ν −
1
2
ψµFµνψ
ν (55)
With the identification Aµ ∼ −ϑa and Fµν ∼ −ωab this coincides with the action in
(35) with T = 0.
We shall now proceed to demonstrate that if α 6= 0 in (46), its path integral
representation coincides with (35) for an appropriate T 6= 0. For this we need an
operator realization of the Lie algebra (44) in the extended phase space. If we define
Gu = X
µ
u
∂
∂zµ
−X µu ,ν p
ν ∂
∂pµ
+ X µu ,ν ψ
ν ∂
∂ψµ
(56)
where X µu (z) are components of the hamiltonian vector fields corresponding to the
functions Gu(z) in (2), we find that (56) satisfy the Lie algebra (44).
From (54) we extract the following symplectic one-form on the extended phase
space,
Θ = (pµ + ϑµ −
1
2
ψνgνσΓ
σ
µρψ
ρ)dzµ −
1
2
ψµgµνdψ
ν (57)
We shall assume that in the original phase space the symplectic one-form ϑµ(z)dz
µ is
Lie derived by the vector fields X au ,
LGuϑ = 0 (58)
As a consequence we find that in the extended phase space (56) Lie derives (57),
LGuΘ = 0 (59)
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Integrating this we then obtain the momentum map
iGuΘ = Tu = X
µ
u pµ + ϑµX
µ
u −
1
2
ψµΩuµνψ
ν (60)
where
Ωuµν =
1
2
[∂µ(gνσX
σ
u )− ∂ν(gµσX
σ
u )] (61)
is the Riemannian momentum map for the generator Gu. In the extended phase space
equipped with the symplectic structure defined by (57) the momentum maps (60)
determine a Poisson bracket realization of (2),
{Tu, Tv} = fuv
wTw (62)
Furthermore, since
{Tu,Q} = 0 (63)
we conclude that the path integral for the action
S =
∫
pµz˙
µ+ϑµz˙
µ−
1
2
ψµ(gµν∂t+ gµσz˙
ρΓσρν)ψ
ν +
1
2
ωµνψ
µψν −
1
2
gµνp
µpν − α˜ · T (64)
where α˜ = β−1α, yields the Lefschetz number (46). Eliminating pµ we get further
S =
∫
1
2
gµν z˙
µz˙ν + z˙µ[ϑµ + gµν(α˜ · X
µ)] +
1
2
gµν(α˜ · X
µ)(α˜ · X ν) + (α˜ · X µ)ϑµ−
−
1
2
ψµ(gµν∂t + z˙
ρgµσΓ
σ
ρν)ψ
ν +
1
2
ψµωµνψ
ν +
1
2
ψµ(α˜ · Ωµν)ψ
ν (65)
If we select ϑµ so that T is obtained as the momentum map
T = − (α˜X µ)ϑµ (66)
we then find
S =
∫ 1
2
gµν z˙
µz˙ν + z˙µ(ϑµ + gµνX
µ
T ) +
1
2
gµνX
µ
TX
ν
T − T−
−
1
2
ψµ(gµν∂t + z˙
ρgµσΓ
σ
ρν)ψ
ν +
1
2
ψµωµνψ
ν +
1
2
ψµΩTµνψ
ν (67)
This action has the following interpretation: From (55) we conclude that the action
S1 =
∫
1
2
gµν z˙
µz˙ν −
1
2
ψµ(gµν∂t + z˙
ρgµσΓ
σ
ρν)ψ
ν (68)
can be interpreted as a Dirac operator on the Riemannian manifold. Similarly, the
path integral for
S2 =
∫
ϑµz˙
µ − T +
1
2
ψµωµνψ
ν (69)
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yields the Weyl character of T . Finally, the action
S3 =
∫
gµνX
µ
T z˙
µ −
1
2
gµνX
µ
TX
ν
T +
1
2
ψµΩTµνψ
ν (70)
defines a bi-hamiltonian pair of S2 in the sense that in the place of the symplectic
structure (9) we have
∂µ(
1
2
gνρX
ρ
T )− ∂ν(
1
2
gµρX
ρ
T ) = Ω
T
µν (71)
and in the place of the hamiltonian T we have
T =
1
2
ψµΩTµνψ
ν (72)
and the classical equations of motion for the pairs (T, ω) and T ,Ω) coincide,
z˙µ = {T, zµ}ω = {T , z
µ}Ω (73)
The existence of this bi-hamiltonian structure is of course consistent with the classical
integrability of the hamiltonian system (T, ω).
In order to relate the actions (35) and (67) we introduce
Ψ˜ =
1
2
gµνX
µ
T ψ
ν (74)
and add the corresponding dS-exact term to the action (35),
S → S + dSΨ˜ (75)
This action then coincides with (67), and provided either D+D− or D−D+ in (46) has
no zeromodes, the corresponding path integrals must also coincide (possibly modulo
an overall sign). Furthermore, from (22) and (32) we conclude that the path integral
for (67) differs from the path integral for the Weyl character only by a dS exact term.
Consequently the infinitesimal Lefschetz number (46) of our Dirac operator coincides
with the Weyl character of T , provided eitherD+D− orD−D+ in (46) has no zeromodes
and the boundary conditions for the path integrals have bee properly selected .
In conclusion, we have generalized the localization evaluation of path integrals
discussed in [12,13] to a general class of hamiltonians which are constructed from
Lie algebra generators. We have also established that the path integral for these
hamiltonians evaluates to equivariant characteristic classes, and is also closely related
to the Lefschetz number of a Dirac operator. Our results indicate that equivariant
cohomology could provide a natural geometric framework for understanding quantum
integrability.
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